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Rendezvous and
Proximity
Operations (RPO)

RPO is fundamental to modern
space operations

* Resupplying ISS

* On-orbit satellite servicing

* Future deep space assembly
missions

Reducing fuel use during RPO is

crucial since fuel is limited once on-

orbit, driving the need for

‘1 = s ’ & - <
o 200+ 7 &) s300m+
ISS resupply missions 4 Cost of single ISS
completed since 1998 S 1 resupply mission

optimal/energy efficient paths.
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3D Minimum-Energy Rendezvous Problem

Objectives:

1. Drive from initial relative position/velocity

2. Achieve desired docking state in Hill frame

3. Minimize control effort throughout maneuver
Assumptions:

*  Circular orbit - LTI system (A and B are const.)

*  Deputy/Chief are point masses with small separation

*  Less u(t) means less fuel consumption

* Idealized actuator model (continuous acc.)

e Assume full state is known perfectly (i.e. no
disturbances - J2, SRP, sensor noise, etc.)

*  No collision avoidance, keep-out zones, approach
corridor constraints

x(t) = [2(t) y(t) =) #(1) @) 0],

u(t) = [ug(t) wuy(t) u,(1)]'
in J— 2 LT Ru(t)d
Iil(ltl)l : _E/ﬂ u (L) Ru(l)dt

subject to T — 2ny — 3n’z = Uy,

Y+ 2nE = u,,

A
(cross-track)
A
Orbits
(not to scale)
chief

Hill Frame (LVLH):

°The LVLH frame is centered on the chief spacecraft in circular orbit.

°It describes the deputy's relative motion in a rotating reference frame.
*X points radially away from Earth.

*y aligns with the chief’s velocity.

*Z completes the right-handed set along the orbital angular momentum.

@ optimal
rendezvous Hill frame
trajectory e
u(t) aee” deputy

Y
(along-track)

|
|
|
|
|
120 -7

I
Rl
| -~
- L7 0
~

F4n?z = U,

3D Linear Relative Orbit Dynamics
(Clohessy-Wiltshire/CW Equations)

x-y reference plane

x(0) = xg, x(tf) =x5 =0.

THE OHIO STATE UNIVERSITY
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Linear State-Space Clohessy-Wiltshire Relative Orbit
Equations of Motion

Relative Orbit Geometry
(deputy and chief)

Hill/LVLH

A} .
 orbit
\
\
\
1

Earth

Y1
Zr ry=r.+p
rqy : deputy position vector in the inertial frame
r. : chief position vector in the inertial frame
p : relative position vector from chief to deputy
u : control acceleration vector applied to the deputy

THE OHIO STATE UNIVERSITY
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Nonlinear Relative
Orbit Dynamics

T

rd:r6+pr p: y
z

. d*p
—

d*p . .
e =pF22wxptwxpt+wx(wxp)
2 ),

re. . rg

— ry=—pu——m+u
Ml e

i, = —

PHawx p+wx pt+wx(wxp)
r.+p r, )

=—p e - | tu
(Ircﬂ)l" [|re|®

w : angular velocity of the Hill/LVLH frame relative to inertial

w @ angular acceleration of the Hill/LVLH frame

I : gravitational parameter of the central body
n : mean motion of the chief circular orbit
ro : chief orbit radius for the circular reference orbit

The Clohessy-Wiltshire
(CW) Equations

Assume: ||p| < ro, w = nz, w =0, =3
)

T —2ny — 3nr = u,,
i+ 2ne = wy,

F4nir=u.

x(t) = [:1? y oz &y i‘]T u(t) = [u,,. Uy u;}T

|x(t) = Ax(t) + Bu(t)|

0o 0 0 1 00
00 0 0 10
=—q 0 001
i 3 0 0 2n|0
) o)
L0 0
Gravity-gradient 00 Coriolis coupllng
00 (due to rotational
00 Hill frame)
100
010
Crgss—track 00 1
restoring (natural)
Dynamics



Optimal Rendezvous

Guidance Law

Formulate a fixed-endpoint minimum-energy
rendezvous problem using the CW dynamics.

Solve fixed-endpoint
minimum-energy problem

Measure current state

Obtain relative state
and time-to-go:

. 1Y
xt)=[z y =z & g 3] min .7:§/L u' Rudr

tgo =15 —1 %X = Ax + Bu,

s.t.

X(tf) =Xr

C t timal trol
ompute optimal contro Propagate CW dynamics

Apply u*(t) and
update the state:

Reach
final state?

(1) = —R BT, (to) (%y— Taalty)x(1))

For docking: x; =0 X = Ax + Bu*(t)

A

No

Exceed

CW dynamics Minimum-energy cost

update time «
interval?

Hamiltonian & ontimalit Optimal rendezvous guidance law
amiltonian & optimality Costate /STM relati B
ostate/ relation ) = DL (ty0) (xf B @xx(tgo)x(t))

1 .
1o, . H = guTRu—s—AT(Ax—I—Bu) —_ A=—ATX —_ -
% = Ax + Bu J=- [Yu  Rudr I ' (t) = —R BT @ (tgo) (x5 — unlteo)x() )
- o 0= w()= BB X7 = B (tg0)X(1) + Boa(tgu) ACH) ) o (go) (%1 = P (tgo ()
u Docking: xy =0, tgo =1t; —1t
A —BR'BT D (t Dt
q)(tgo) _ ethg, F= - , @(tgo) _ CCJ:( 90) «”C/\( 90)
0 —A ‘I'/\:r: (tgo) (I)A)\ (tgo)
Notation: x(t) = relative state, u(t) = control acceleration, A, B = CW system matrices, R = control-weighting matrix, A(t) = costate, ®., P.x = augmented STM blocks, x; = terminal state, tgo =ty —t = time-to-go.

THE OHIO STATE UNIVERSITY
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Simulation:
Satellite Proximity
Operation
Scenarios

e Guidance law implemented
into MATLAB

e 4 test cases of deputy
rendezvous with a chief
satellite given initial and final
conditions

e Also nominal dock case (ISS)

THE OHIO STATE UNIVERSITY
COLLEGE OF ENGINEERING

Parameter Case 1] Case 2 Case 3 Case 4 Nominal Dock
zo (km) -1.0 -1.0 -0.5 -0.5 -0.1
Yo (km) -0.5 1.0 0.1 0.1 -0.05
zo (km) 0.2 0.0 0.0 0.0 0.02
Vg0 (m/8) 0.0 5.0 5.0 5.0 0.0
vy (m/s) 5.0 0.0 -5.0 -5.0 0.2
V0 (m/s) -5.0 10.0 0.0 0.0 -0.1
rr. (km) 42169.0 42169.0 42169.0 42169.0 42169.0
rr,y (km) 0.0 0.0 0.0 0.0 0.0
vr,. (m/s) 0.0 0.0 0.0 0.0 0.0
v, (m/s) 3074.7 3074.7 3074.7 3074.7 3074.7
ty (s) 1000 1000 1000 1500 600
zy (km) 0.0 -1.0 0.0 -10.0 0.0
yr (km) 0.0 0.0 0.0 0.0 0.0
zy (km) 0.0 0.0 0.0 0.0 0.0
Vg5 (m/s) 0.0 0.1 0.0 1.0 0.0
Uy, ¢ (m/s) 0.0 0.0 0.0 0.0 0.0
vy 5 (m/s) 0.0 0.0 0.0 0.0 0.0

Simulation Setup



MATLAB Dashboar

ME 8220 Rendezvous Batch Dashboard

d for Batch Runs

MATLAB 3D CW/LQC Rendezvous Simulator

Cases

Run Controls

Case 1
Case 2
Case 3
Case 4
Nominal Docking Case

Truth models '2] CW truth

[+/] Nonlinear truth

Guidance dt [s]

R diagonal

|v| Display figures [v/] Auto-save batch
[v| Export MP4 Animation truth
Playback speed

Previews the first selected case live and can export MP4s for all selected cases.

0.01| Batch label Final_2

[+ Enable visualizat... [v/]Live preview
‘cw v ‘

200 | Frame rate [fps]

Layout: Earth + RPO inset

10

‘ Run Selected Cases

Status

Ready to run. Select cases and press "Run Selected Cases".

THE OHIO STATE UNIVERSITY
COLLEGE OF ENGINEERING
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Case 1:
Baseline 3D
Docking
Rendezvous

Rendezvous from relative
offset with both out-of-
plane displacement and
nonzero Cross-
track/closing velocity

*  Full rendezvous at origin
with zero terminal
velocity

e Completed over 1000 s
with zero terminal error

*  Peak control: 0.0258 m/s?

e Control cost (integrated
control effort): 0.0853

100 —|

0—
-100 —|
-200 —|
-300 —|
-400 —|

Z [km]

Case1|CW |t=0.0 s | x50 playback speed

Chief and Deputy Orbit View oI At

Chief
Deputy
— Chief-deputy line

--+- Deputy orbit arc (RPO x676.1)

4.16

x10*

4.22

X [km]

Hill-Frame RP(--------- Deputy path

O Initial state

*  Target state

@ Current deputy

z [km]
S
N
/)

-0.4
x [km] 0 y [km]

m?2/s3
Case zg (km) yo (km) 2z (km) w.p (m/s) w0 (m/s) wv,0 (m/s) rq, (km) rpy, (km) vp, (m/s) v, (m/s) £ (s) z; (km) yp (km) zp (km) v,y (m/s) v, (m/s) v,y (m/s)
Case 1 -1.0 -0.5 0.2 0.0 5.0 -5.0 12169.0 0.0 0.0 3074.7 1000 0.0 0.0 0.0 0.0 0.0 0.0
Results 8

THE OHIO STATE UNIVERSITY
COLLEGE OF ENGINEERING



Case 1: Hill-Frame Trajectory Case 1: Relative State Components

ozr [——cwen] ! j‘ =TT
Case 1: 1 s/

. o 0w a0 a0 50 60 700 @0 00 1000
Baseline3D . ;
° %M 1 E, %2
Docking .

Rendezvous - RS
Rendezvous from relative ~ ~ e £.]
offset with both out-of- T <
plane displacement and e T *T
nonzero Cross- w0 T ey .

Bt
g

400 500 600 700 800 900 1000 400 500 600 700 800 900 1000

track/closing velocity - i

Case 1: Piecewise-Constant Control

° Fu” rendezvous at Orlgln Case 1: Normalized Terminal Errors

with zero terminal

velocity
¢ Completed over 1000s -

Wlth Zero termlnal error - 0 100 200 300 400 500 600 700 800 a00 1000
*  Peak control: 0.0258 m/s? o0es
. Control Cost (Integrated 0.8['7 100 200 300 400 500 600 700 800 800 1000 %‘Dms

control effort): 0.0853 o

m /S 06— 002 | | | | | | |

o |éﬂ ZK‘JEI J[‘lﬂ 4\‘)(] T“:CLEIIS] 600 TILO Bé[l D(I][I 1000 ){:::’ B | | ‘ | | ‘ |

THE OHIO STATE UNIVERSITY 1] 100 200 300 400 'ﬁrf\?auls] 600 700 Ram It 900 1000
esults
COLLEGE OF ENGINEERING Case o (km) go (km) zp (km) vz (m/s) vy (m/s) v.0 (m/s) 7, (km) rp, (km) vpe (mfs) vpy (m/s) tp(s) oy (km) gy (km) zp (km) w5 (m/s) v, (mfs) v,y (m/s) 9

Case 1 -1.0 -0.5 0.2 0.0 5.0 -5.0 42169.0 0.0 0.0 3074.7 1000 0.0 0.0 0.0 0.0 0.0 0.0




Case 2 |CW |t=0.0 s | x50 playback speed

Chief and Deputy Orbit View

----------- Chief orbit arc

----------- Deputy orbit arc (RPO x457.2)
Chief
Deputy

e Chief-deputy line

Case 2: Offset
Terminal State

1.5/
Rendezvous from relative e
offset with more energetic '
initial velocity than Case 1,
including strong in-plane and )
out-of-plane motion i
. 700 —| =
*  Target a prescribed offset <
final state rather than docking s = )
at the origin 500 —| 0.5
¢ Completed over 1000 s with = W 8
zero terminal error = 300 | & 7T
S S D h
*  Peak control: 0.0451 m/s? 200 — 0¥ o nital st
100 —| 1 * Earget ftdate .
*  Control cost (integrated 5 g ® Currentdeputy
control effort): 0.2555 m?/s3 ] o] 0 y [km]
4.16
418
x10t ‘2 4z
X [km]
Case xzy (km) gy (km) zp (km) wv,o (m/s) v,0 (m/s) v.o (m/s) rr, (km) rp, (km) v, (m/s) vp, (m/s) t;(s) z; (km) yy (km) z;(km) v,5(m/s) v,; (m/s) v, (m/s)
Case 2 -1.0 1.0 0.0 5.0 0.0 10.0 12169.0 0.0 0.0 30747 1000  -1.0 0.0 0.0 0.1 0.0 0.0

THE OHIO STATE UNIVERSITY
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z [km]

Case 2: Offset

08 |
0.6 —
04 —

Terminal State -

. Rendezvous from relative
offset with more energetic
initial velocity than Case 1,
including strong in-plane and
out-of-plane motion

. Target a prescribed offset
final state rather than docking -
at the origin

. Completed over 1000 s with
zero terminal error

. Peak control: 0.0451 m/s?

el f La

. Control cost (integrated :
control effort): 0.2555 m2/s3 =

THE OHIO STATE UNIVERSITY
COLLEGE OF ENGINEERING

Case 2: Hill-Frame Trajectory

Case 2: Normalized Terminal Errors

O Initial state
*  Target state |
CWitruth |

L
500

Case 2: Relative State Components

. 5
CW iruth

xdot [mis)

o B L4 o 4 N v s

L L L L L L
100 200 300 400 500 600

o

02+

CW trutn

L L )
800 900 1000

500

900 1000 B 0 100 200 300 400 500 600

zdot [m/s]
L b o v &2 o @

800 900 1000

u, [mis?)

e & A b o n &2 oo

500
Time [s]

100 200 300 400 500 600
Time [s]

900 1000

=

Case 2: Piecewise-Constant Control

800 900 1000

100

100

800 1000

100

200

300

400 500 600 700 800

Time [s]
Results

Case

zo (km) yo (km) 2o (km) ws0 (m/s) vy (m/s)

vz0 (m/s) rp. (km)

vre (m/s) vry (m/s) ty (s)

oy (km) yy (om) 2z (km) v.y (m/s) v, (m/s) v.; (m/s)

Case 2

-1.0 1.0 0.0 5.0 0.0

10.0 42169.0

0.0

-1.0

0.1 0.0 0.0

900 1000

11



Ca Se 3 : Case 3|CW |t=0.0s | x50 playback speed
Alternate3b

----------- Deputy orbit arc (RPO x991.3)
Chief

[ ]
: Deputy
D O c k I n g Chief and Deputy Orbit View Chief-deputy line
G e O m et r --------- Deputy path
O Initial state
.

o *  Target state
Rendezvous from smaller rd @  Current deputy
initial offset than Cases 1 and i

2, but with opposing in-plane
velocity components that
created a different
geometrical approach

Hill-Frame RPO View

. Target full docking at the
origin with zero terminal
velocity

. Completed over 1000 s with
zero terminal error

. Peak control: 0.0259 m/s?

. Control cost (integrated

control effort): 0.0841 m?/s3 A 426
X [km]

xkm] 04 Ty [km]

Case zo (km) yo (km) zo (km) wvpo (m/s) wyo (m/s) wv.p (m/s) r7e (km) r7y (km) vre (m/s) vry (m/s) tp(s) zp (km) yy (km) zp (km) v, (m/s) v, (m/s) v, (m/s)
Case 3 -0.5 0.1 0.0 5.0 -5.0 0.0 42169.0 0.0 0.0 3074.7 1000 0.0 0.0 0.0 0.0 0.0 0.0

THE OHIO STATE UNIVERSITY
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Case 3:

Docking

velocity

Case 3: Hill-Frame Trajectory

Case 3: Relative State Components
5

[ CW trutn | CW trutn
£ Ez-
03 or
02 0‘2 0 5(‘]0 800 9('](] 1000 -; 0 ‘HIJIJ 260 300 4!']!] Eéﬂ 600 700 QIIJD m‘nn
Alternate3D . o |
g o E-az— E“
01 Tasr ‘u;j
02— e s
G eo met ry 03 10 500 800 900 1000 10 100 200 300 400 500 600 700 200 1000
“\7‘\“‘\ e 05+ 05+
*  Rendezvous from smaller ° T Pt g z
initial offset than Cases 1 and o < v g’
2, but with opposing in-plan T~ <0 —
velocity components that e T e
Created a dlf erent * k] o “/ 08 y"‘m] 10 TS(‘]G[] Séﬂ 9(‘]0 1000 -10 1(']0 2{‘)(} 300 460 T.Séﬂ[] 6(']0 700 QIIJD 10‘00
geometrl Ca | a pp roa Ch Case 3: Piecewise-Constant Control
° Ta!"g.et fq” dOCklng at'the e Case 3: Normalized Terminal Errors oo
origin with zero terminal ~
06! Eﬂms
«  Completed over 1000 s with
zero terminal error . | ‘ | ‘ ik
. Peak control: 0.0259 m/s?
. Control cost (integrated % = - - a a o o o E
control effort): 0.0841 m?/s® .. :
06— 001 1 | |
0:2‘ g
% 100 200 300 100 T.:]:[s 00 00 800 500 1000 | | ‘
THE OHIO STATE UNIVERSITY “ Tima sl . R“‘ | .
COLLEGE OF ENGINEERING Case 2o (k) yo (km) 2o (k) vg0 (0/5) vyo (/) veg (0/s) rrg (km) rry (km) vre (m/s) vr, (w/s) t; (s) oy (km) y; (km) 27 (km) v,y (m/s) v,y (m/s) v,y (m/s) esults 13
Case 3 -0.5 0.1 0.0 5.0 -5.0 0.0 42169.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0



Case4|CW |t=0.0s | x50 playback speed

Case4:long- -

----------- Deputy orbit arc (RPO x114.9)

Chief

Horizon Offset $ o

Chief and Deputy Orbit View

Rendezvous e

*  Target state
@ Current deputy

Rendezvous from same initial
condition as Case 3, but
longer maneuver horizon to
reach a different terminal
state

Hill-Frame RPO View

. Target offset rendezvous with
a prescribed final velocity
instead of origin docking

. Completed over 1500 s with
zero terminal error

. Peak control: 0.0415 m/s?

. Control cost (integrated

control effort): 0.3771 m?/s3 X (k]
Case xg (km) yo (km) zg (km) vy (m/s) vyo (m/s) wvzo (m/s) rre (km) rry (km) vr, (m/s) vy (m/s) tp(s) ay (km) yp (km) zy (km) vz p (m/s) vy p (m/s) v, (m/s)
Case 4 -0.5 0.1 0.0 5.0 -5.0 0.0 42169.0 0.0 0.0 3074.7 1500  -10.0 0.0 0.0 1.0 0.0 0.0

THE OHIO STATE UNIVERSITY
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Case 4: Hill-Frame Trajectory

Case 4: Relative State Components

O Initial state o [ CW truth s CWirath
*  Target state 2l
g £,
- F 2
2 5 500 00 500 ) 30 000 00
. 1 1] 1
Case 4: Long- |
Horizon Offset -
R 2~ 2y 500 1000 1500 S 20 100 1500
endezvous
*  Rendezvous from same initial "« et - T
condition as Case 3, but T~ < ~ 5’
longer maneuver horizon to T <
reach a different terminal S~ T2
State xlkaml - — N ¥ [km] -10 500 IDIDG 1500 -10 5(']0 1[!IDD 15‘00
Time [s) Time [s]
° Ta rget Offset r.endeZVOUS With e T s Case 4: Piecewise-Constant Control
'a prescrlbed 'flnal VGlQCIty ase 4: Normalized Terminal Errors 003
instead of origin docking i
£ o
*  Completed over 1500 s with % aon -
zero terminal error : a2
. Peak control: 0.0415 m/s? o o 0
. Control cost (integrated o
control effort): 0.3771 m?/s3 g owe
001 | |
T,
Time [s] K 1 1
THE OHIO STATE UNIVERSITY ’ “ Tima ] fesu e
COLLEGE OF ENGINEERING Case xg (km) yo (km) zo (km) weo (m/s) wvyo (m/fs) v.p (m/s) rre (km) rry, (km) vr, (mfs) vry, (m/s) tr (s) @y (km) yy (km) zp (km) vy p (m/s) vy 5 (m/s) v.r (m/s) esults 15
Case 4 -0.5 0.1 0.0 5.0 -5.0 0.0 42169.0 0.0 0.0 3074.7 1500 -10.0 0.0 0.0 1.0 0.0 0.0



Nominal Docking Case | CW | t = 0.0 s | x50 playback speed

Nominal
°
D O c k I n """"""" Chief orbit arc
Chief and Deputy Orbit View |72 gﬁi;;t}[ty orbit arc (RPO x4059)
( I t t e I Deputy
- S i e o T e I (i Deputy path
O Initial state
Space Station) §oo
Hill-Frame RP(__ @  Current deputy
’ -

——— Chief-deputy line
Rendezvous from small
offset with mild initial
closing motion near the

target
* Targeted gentle docking
att e origin Wlth zZero
terminal velocity =
100
¢ Completed over 600 s T s
with zero terminal error =
0 -0.06
-50 x [km] ki
«  Peak control: 0.00174 oo i)
m/s?
e Control cost (integrated X104
control effort): 3.16e-4 X [km]
m?2/s3
Case zo (km) yo (km) zo (km) vz0 (m/s) vy (m/s) v.0 (m/fs) rrg (km) rry (km) vre (m/s) vry (m/s) f(s) xy (km) yr (km) zf (km) wvep (m/s) vy r (m/s) v, r (m/s)
Nominal Dock  -0.1 -0.05 0.02 0.0 0.2 -0.1 42169.0 0.0 0.0 3074.7 600 0.0 0.0 0.0 0.0 0.0 0.0

THE OHIO STATE UNIVERSITY
Results 16
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Nominal -
Docking

(International

Space Statlon)

Nominal Docking Case: Hill-Frame Trajectory

©  Initial state
*  Targel state
CW truth

Nominal Docking Case: Relative State Components
03

[——cwiruth]

CW truth

0251

xdot [ms]
=
2 s
R

e

ydot [mis]

Rendezvous from small T ew e £ oo £
offset with mild initial -
closing motion near the e o S
target Kt o01” T 00 ygan 0 : . : S ‘ | | . |
Time [s] Time [s]
° Tar ted ge ntle dOCklng - Nominal Docking Case: Piecewise-Constant Control
at t e Orlgln Wlth ze ro o Neminal Docking Case: Normalized Terminal Errors 2 oW e
terminal velocity } =
*  Completed over 600 s 5
with zero terminal error ...
£ 2 | | I |
*  Peak control: 0.00174
m/s2 0.02 - :
0 | L | | L
 Control cost (integrated
control effort): 3.16e-4 =
m?/s3 : | | ‘ r .
0 1 | 1 '
Time (5] 0 | | L
THE OHIO STATE UNIVERSITY . 102 e . th
COLLEGE OF ENGINEERING Case o (k) yo (k) 2 (km) vso (m/s) vyo (m/s) veo (m/s) rr (ki) rey (km) vre (m/s) vry (m/s) ty(s) wy (km) yp (km) =g (km) vey (m/s) vy (m/s) vey (m/s) esufts 17
Nominal Dock -0.1 -0.05 0.02 0.0 0.2 -0.1 42169.0 0.0 0.0 3074.7 600 0.0 0.0 0.0 0.0 0.0 0.0



Summary and Future Work

Generalizations and
Assumptions

Circular chief orbit yields an LTI
system (constant A and B matrices)

Deputy and chief modeled as point
masses with small relative
separation (CW valid)

Continuous idealized thrust
actuation assumed

Full state knowledge with no
disturbances (J2, SRP, sensor noise
neglected)

No collision avoidance, keep-out
zones, or approach corridor
constraints

THE OHIO STATE UNIVERSITY

COLLEGE OF ENGINEERING

Key Takeaways

CW equations provide a linear
state-space model enabling real-
time relative orbit guidance

LQR-based minimum-energy law
achieves near zero terminal error
across all five test scenarios (in this
idealized case)

Control cost scales with initial
energy and maneuver complexity

Guidance law generalizes across
diverse scenarios: docking, offset
terminal states, and long-horizon
maneuvers

Future Work

Extend to nonlinear MPC for
higher-fidelity dynamics

Multi-spacecraft formation
flight coordination

Incorporate orbital
perturbations (J2, SRP) and
sensor noise

Add collision avoidance and
approach corridor constraints

Hardware-in-the-loop
validation and flight testing

Conclusion 18



Thank you!

Questions?

Contact:
max.heil26@outlook.com

More Information on this Project:
https://maxheil5.github.io/
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